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ABSTRACT

To minimize throttling energy loss, the timing of the on/off valves of a digital displace-
ment motor must consider the pre-compression and de-compression of the compressibe
fluid. In this paper, a rotary on/off valve, whose rotation controls the valve timing, is used.
The desired motion of the rotary valve that respects the ideal valve timing is a function of,
and is periodic with respect to, the motor crank shaft angle. As the desired valve trajectory
is not periodic in time unless the motor speed is constant, the conventional internal model
based repetitive control is not applicable. A recently developed angle-domain repetitive
control is used instead to control the rotary valve motion to achieve the desired valve
timing, while exploiting the periodicity of the reference trajectory with respect to crank
shaft angle. Experiments show that the proposed controller achieves good tracking per-
formance for a broad range of varying motor speeds. This in turn leads to efficiency gains
for the digital hydraulic motor.

KEYWORDS: Digital Displacement, Pre-compression, De-compression, Valve Timing,
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1 Introduction

In a digital displacement motor, the determination and control of the valve timing are crit-
ical for efficiency. The opening and closing times of the digital on/off valves are optimal
when the pressure in the piston chamber is equal to the pressure of the corresponding
supply or tank port when the valve opens. This ensures proper pre-compression and post-
expansion of the fluid so that the fluid compressible energy is not wasted and the throttling
loss is minimized.
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In this paper, the digital valving is achieved using a rotary spool valve in Fig. 1 with
the on/off timing being directly encoded on the land profile of the valve. As the valve
rotates, the digital motor’s piston chamber is alternately connected to pressure or to tank.
An advantage of using a rotary valve is that it can rotate unidirectionally without needing
to constantly accelerate and decelerate. This reduces the power consumption for the valve
actuation while achieving large valve opening and high switching speed, in comparison
with the more conventional linear valves. Rotary valves have been used for high speed
pulse-width modulation [1] and as a pilot valve for a digital displacement pump/motor
with hydro-mechanical timing [2]. In the current setup, the rotary valve is actuated by an
electric stepper motor. Controlling the trajectory of the rotary valve is therefore essential
for controlling the valve timing.

With consideration of the fluid’s compressible energy, the rotary valve’s trajectories
can be optimized as functions of the motors crank angle. If the motor speed is constant and
known, a conventional internal model based repetitive controller can be used to track the
optimal valve trajectory. However, when the motor speed is varying, this control method is
not applicable as the reference trajectory is no longer repetitive in time. Instead, we apply
a recently developed angle-domain repetitive control law in which the repetitive nature of
the reference trajectory with respect to the motor crank angle is exploited [3]. The new
controller allows the tracking of the desired trajectory for any constant and varying motor
speeds.

Figure 1: The cylindrical rotary valve design and the hydraulic symbol

The rest of the paper is organized as follows. Section 2 outlines the design process
for the valve timing and the rotary valve reference trajectory. Section 3 describes the
angle-domain repetitive control methodology. Section 4 describes the experiment results.
Section 5 presents some concluding remarks.

2 Optimal Design of Valve Timing

The schematic of the hydraulic motor piston together with the on/off valves connecting
the piston chamber to the pressure or tank is shown in Fig. 2.

Nominally, with an ideal in-compressible fluid, the tank (T) valve should close and the
pressure (P) valve should open at the end of the exhaust stroke when the piston is at the
top-dead-center (TDC) (crank angle is 180◦); and the P-valve should close and the T-valve
should open at the end of the power stroke when the piston is at the bottom-dead-center
(BDC) (crank angle is 0◦). However, in the presence of compressible fluid and non-zero
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chamber volume at TDC, this strategy causes the pressure in the remaining fluid to be at
tank pressure when the P-valve opens at TDC, and the fluid to be at high pressure when
the T-valve opens at BDC. The large pressure difference and the gradual opening of the
valves can lead to large throttling energy losses.

To minimize throttling in the P-valve at TDC, the T-valve can be closed earlier during
the exhaust stroke at θpre < 180◦ so that between θ ∈ [θpre,180◦] the residual fluid is
pre-compressed to the supply pressure. Similarly, to eliminate throttling in the T-valve
at BDC, the P-valve can be closed earlier during the power stroke at θdc < 360◦ so that
between θ ∈ [θdc,360◦], the fluid in the chamber is decompressed (or post-expanded) to
the tank pressure. Ideal pre-compression and de-compression are such that the pressure
at TDC is exactly the supply pressure and the pressure at BDC is exactly at tank pressure.
A drawback of pre-compression and de-compression is a slight decrease in power.

To compute θpre and θdc, the non-ideal compressible fluid is assumed to consist of
pure hydraulic oil with bulk modulus β and a fixed amount of entrained air that com-
presses/expands adiabatically according to the ideal gas law.

Let the piston chamber volumes at the BDC be Vcyl and at the TDC be Vd (the dead
volume), and the volume ratio between the pure fluid and the entrained air at atmospheric
pressure be α .

Figure 2: Schematic of the pressure and tank on/off valves and crank angle

It can be shown that the pre-compression chamber volume at θpre is given by:

Vpre =

 1+α

α

(
Pt
Ph

)1/γ

+ e−(ph−pt)/β

Vd (1)

and the de-compression chamber volume at θde

Vdc =
Vcyl

1+α

(
α

(
pt

ph

)1/γ

+ e−(ph−pt)/β

)
(2)

where ph and pt are respectively the supply and tank pressures.
The pre-compression and de-compression angles can then be found from:

cos(θpre) =

(
2Vpre−Vcyl−Vd

Vcyl−Vd

)
; 0 < θpre ≤ 180◦ (3)

cos(θdc) =

(
2Vdc−Vcyl−Vd

Vcyl−Vd

)
; 180◦ < θdc ≤ 360◦ (4)
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θpre and θdc are functions of the supply pressure ph and entrained air content as shown in
Fig. 3.
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Figure 3: De-compression and pre-compression angles deviations from BDC and TDC
for various supply pressures ph and entrained air content. Left: (360◦− θdc); Right:
(180◦−θpre).

The desired rotary valve positions at these crank angles and at 0◦ (BDC) and 180◦

(TDC) can be specified so that the P- and T- valves are open or closed appropriately. The
complete rotary valve trajectory as a function of the crank angle is then defined using
a third-order 12-point periodic B-spline. The B-spline, which is smooth to the second
derivative and continuous between cycles at 2nπ rad. (n = 1,2, . . .), ensures that the
critical valve opening and closing points are observed and that the valve opens rapidly.
An example trajectory for 7MPa supply pressure and 0.05% entrained air content is shown
in Fig. 4.

Figure 4: Desired valve trajectory as a function of crank angle for ph = 7MPa and 0.05%
entrained air content. Here θpre = 174.8◦ and θdc = 352.1◦.

Although the example trajectory in Fig. 4 is oscillatory requiring the valve to rotate
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Figure 5: Affine parameterized control structure with innovation feedback

back and forth, it is also possible to design the trajectory so that the rotation is unidi-
rectional. For example, alternate metering edges on the rotary valve can be picked for
consecutive valving opening and closing, and boundary conditions with an appropriate
offset that corresponds to the number of on/off cycles per revolution of the valve (the
valve in Fig. 1 has 2/rev.) can be imposed on the B-spline.

3 Angle-Domain Repetitive Control Design

The desired trajectory that embeds the optimal valve timing is repetitive in the crank
angle, θ , i.e.

yd(θ(t)) = yd(θ(t)+2π). (5)

where ω(t) = θ̇(t) is the speed of the hydraulic motor. Only if ω(t) is constant, the de-
sired trajectory would be repetitive in time with a period of 2π/ω . When the reference
trajectory or disturbance to the system is temporally repetitive with known a period, the
internal model control (IMC) [4] based repetitive controller can be used to learn to con-
trol the system. The well known prototype repetitive controller [5] incorporates a high
dimensional internal model which allows it to learn and compensate for arbitrary shaped
repetitive disturbances or references.

Unfortunately, the conventional IMC based repetitive control is not applicable to our
current situation when ω(t) is not constant since the reference or disturbance is no longer
repetitive in time. Although the angle-domain repetitive reference trajectory yd(θ) in (5)
also satisfies a characteristic equation:

0 =
[
1− e−sθ 2π

]
Yd(sθ )

with a corresponding angle-invariant exo-system (where sθ is the Laplace variable for the
θ domain), it is difficult to design an internal model based control because combining the
linear angle invariant exo-system for yd(θ) with the linear time invariant plant dynamics
results in either time-varying dynamics or angle-varying dynamics.

Recently, the prototype repetitive controller has been extended to angle-domain dis-
turbances or reference trajectories [3]. Instead of designing an output feedback controller
directly such as in IMC design, the controller is structured in the affine parameterization
form [6] as in Fig. 5. Here, Gi(s) and Go(s) are input and output LTI plant dynamics of a
sandwich system, and d(θ(t)) is an angle-domain repetitive disturbance or reference:

d(θ(t)) = d(θ(t)−2π) (6)

0 < ω ≤ ω(t) := θ̇(t)≤ ω̄
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In the reference tracking case, d(θ(t)) =−yd(θ(t)) and Go(s) = 1.
The affine parameterization control structure involves duplicating the plant dynamics,

and designing an innovation feedback controller Qa. For plants that are open-loop stable,
it can be shown that every stabilizing controller corresponds to a stable Qa, and vice
versa. The affine parameterization perspective has also allowed the finite dimensional
angle-domain structured disturbances to be compensated similarly to an internal model
control [7].

In this perspective, the innovation ε = Go(s)[d], so that the disturbance d(θ(t)) can
be cancelled out if:

d = Gi(s)◦Qa ◦Go(s)[d]︸ ︷︷ ︸
ε

(7)

which can be achieved if Qa can invert the plant dynamics Go(s) and Gi(s).
For Go(s) and Gi(s) that are minimum phase, the innovation feedback controller Qa

is designed as:
Qa = G−1

i (s)◦ e−sθ 2π ◦G−1
o (s) (8)

where e−sθ 2π is the one angle-period (i.e. 2π) delay operator, the corresponding time
delay is T (t) such that θ(t)− θ(t −T (t)) = 2π . Because of ω is lower bounded, T (t)
is finite. Note that G−1

o (s) and G−1
i (s) are typically non-causal but by incorporating the

angle period delay, the controller Qa will be causal. With this controller, the following
dynamics result:

y(t) = d(θ(t))−d(θ(t)−2π) (9)

which, because of the angle periodicity of d (6), is 0 for t ≥ T (t). i.e. the controller is
a deadbeat controller. The prototype repetitive controller can further be generalized by
incorporating a 1st order angle-domain periodic filter:

d̄(t) = λ d̄(t−T (t))+(1−λ )e−sθ 2πG−1
o (s)ε︸ ︷︷ ︸

d(t−T (t))

u =−G−1
i (s)◦ d̄(t) (10)

where d̄(t) is the estimate of d(t) and (8) corresponds to the case of λ = 0. Let d̃(t) =
d(t)− d̄(t). Then, (10) results in the dynamics:

d̃(θ) = λ d̃(θ −2π) (11)

y = Go(s)[d̃] (12)

Hence, with λ ∈ (−1,1), y→ 0.
To improve robustness, an affine Q-filter Qshape(s) (typically a low pass filter) can be

add to (8) and (10) with the replacement: G−1
i → Qshape(s)G−1

i (s). This affinely shapes
the complementary sensitivity function.

For the cases when Go(s) or Gi(s) is non-minimum phase, and for more details re-
garding how Qshape improves robustness, please refer to [3].

The affine parameterization controller can be directly implemented as in Fig. 5 or by
simplifying into the standard output feedback form.

4 Experiments

The experimental system consists of a single piston motor with a displacement of 3.4cc/rev,
dead volume Vd = 3.4cc, chamber volume Vcyl = 6.8cc and a supply pressure of 7MPa.



The Ninth Workshop on Digital Fluid Power, September 7-8, 2017, Aalborg, Denmark

Both the rotary valve and the crank angle are measured using encoders. Supply and re-
turn flows, chamber pressure and mechanical torque are also measured. Details of the
experimental setup can be found in [8]. The open loop dynamics of the stepper motor
- rotary valve system was experimentally identified. An inner loop proportional-integral
(P-I) controller was then applied to form the inner loop plant dynamics,

Gopen(s) =
0.153

s
⇒ Gi(s) =

25s+100
s2 +25s+100

(13)

Since the angle-domain disturbance arise from the reference trajectory, the output plant
in Fig. 5 is taken to be Go(s) = 1.

The innovation feedback controller Qa in (8) (i.e. λ = 0 in (10)) was implemented in
discrete time with a sampling time of 1ms and with a 1st order affine Q-filter with a band-
width of 20Hz. G−1

i (s) was implemented as the inverse of the discrete time equivalent
transfer function.

For comparison, the P-I controller and a standard deadbeat time-domain repetitive
controller [5] tuned for 5Hz crank frequency were also implemented.
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Figure 6: Reference tracking results comparison among different controllers. Reference
(black solid line), angle domain repetitive controller (blue dotted line), time domain repet-
itive controller tuned to 5Hz (red dash dot line), and baseline PI controller (green long
dashed line.)

The rotary valve reference tracking performances for various crank frequencies are
shown in Fig. 6. The baseline P-I controller performs poorly both in amplitude and in the
phase. The time-domain repetitive controller tracks perfectly when the crank frequency
is at 5Hz where the controller is tuned. However, at other frequencies, significant phase
errors occur. In contrast, the angle-domain repetitive tracks very well for all frequencies.
Notice in the 4Hz results (which starts at t=0) that both repetitive controllers did not
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Figure 7: Angle domain repetitive controller tracking performance during reference fre-
quency transition. (Reference-solid line, angle domain repetitive controller-dotted line)
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Figure 8: Reference tracking error comparison between time domain, angle domain repet-
itive and the reference PI controllers as reference frequency changes

respond until after the first cycle (0.2sec for the time-domain repetitive controller, and
0.25sec for the angle-domain repetitive controller).

Figure 7 shows that the angle-domain controller is able to track the reference as the
crank shaft frequency was ramped up from 4Hz to 5Hz.

Figure 8 summarizes the performances of the various controllers for different crank
speeds. With the angle-domain repetitive controller, the error is small over the broad
range of crank speeds; whereas with the time-domain repetitive controller, the error is
only small over small band (±0.2Hz) of speeds. At the tuned speed of 5Hz, both repetitive
controllers perform similarly.

Figure 9 shows that the accurate tracking of the desired valve trajectory translates to
high efficiency over different motoring speeds. Here, efficiency is defined as the ratio of
the piston work and the hydraulic energy input, which includes both the flow work and
the compressible energy of the input flow. With the angle-domain repetitive controller,
the efficiency is maintained at or above 90% for all shaft speeds tested. It was also found
(not shown) that by employing the reference trajectory that considers pre-compression
and de-compression increases efficiency by 3-8% over the nominal baseline trajectory.
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Figure 9: Piston efficiency measurement for different controllers and reference signal
frequencies. The time-domain repetitive controller is tuned to 5 Hz.

5 Conclusions

Since optimal valve timing that considers fluid compressibility is a function of the crank
angle of the hydraulic motor, an angle-domain repetitive controller has been proposed and
demonstrated to be effective in allowing a rotary valve to track the desired trajectory over
varying crank speeds. With the improvement in tracking, the efficiency of the hydraulic
motor can be maintained to be at or over 90% over a broad range of motor speeds.
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